This paper presents the results of a study into experimental and numerical methods for the identification of bridge deck flutter derivatives. Nine bridge deck sections were investigated in a water tunnel in order to create an empirical reference set for numerical investigations. The same sections, plus a wide range of further sections, were studied numerically using a commercially available CFD code. The experimental and numerical results were compared with respect to accuracy, sensitivity, and practical suitability. Furthermore, the relevance of the effective angle of attack, the possible assessment of non-critical vibrations, and the formulation of lateral vibrations were studied. Selected results are presented in this paper. The full set of raw data is available online to provide researchers and engineers with a comprehensive benchmarking tool.
Introduction
The assessment of the aerodynamic behaviour of a bridge structure is indispensable for long-span bridge design projects. The collapse of the Old Tacoma Narrows Bridge (USA, 1940) under a relatively low wind speed highlighted the importance of sound aerodynamic design against bridge flutter-a self-induced periodic motion with divergent amplitudes leading to the destruction of the structure that occurs when the critical wind speed is exceeded. For the determination of the critical wind speed, the standard practice is to undertake a small-scale wind tunnel test either on a sectional or a full model as this method has been proven to yield accurate results. However, wind tunnel tests are costly both in time and financial terms. Accurate preparation of the model is a time-consuming exercise and ad-hoc changes by the design engineer are not easy to implement. Thus, a wind tunnel test usually concludes a near-finished design and ideally confirms the aerodynamic stability of the structure.
This leaves the design engineer with the problem of ensuring a good estimate of the aerodynamic behaviour right from the beginning in order not to jeopardize the design schedule and, consequently, the project programme and budget. Therefore, the engineer requires an office-based solution which is practical with respect to time, cost and accuracy to be able to assess the aerodynamic behaviour of the structure for preliminary or optional studies at an early stage of the project. One such solution could lie in Computational Fluid Dynamics (CFD). Due to recent developments in software and hardware, CFD is becoming increasingly popular among design engineers and could well pose an attractive alternative to wind tunnel testing if it delivers reliable results. This paper presents the results of a study into experimental and numerical methods for the assessment of the aerodynamic behaviour of long-span bridge decks. Experiments in a water tunnel were performed on nine different sections to provide benchmark results for the numerical investigations. All nine sections and further twentytwo sections were analysed using a commercially available CFD code, which is based on the Finite Volume Method. An algorithm was devised to perform the CFD analysis and to obtain the flutter derivatives and the critical wind speed. These results, together with analytically derived ones, are compared for accuracy, sensitivity and practical suitability.
Furthermore, investigations into the effective angle of attack, pre-and postcritical vibrations (where the assumption of harmonic vibrations is not valid), and the effect and formulation of lateral vibrations were undertaken. The widely publicised linear approach of the latter is questioned with the results obtained in this study.
Theoretical Background
Flutter is considered to be a dynamic stability problem. At the stability border, when the flow velocity is equal to the critical wind speed for flutter, the sum of structural and aerodynamic damping is zero; hence, the structure vibrates in a harmonic motion with constant amplitude. For a section with two degrees of freedom, vertical translation h and rotation α around the longitudinal axis ( Fig. 1) , the equation of motion can be written as:
with
M and K are the mass and stiffness matrices, x(t) is the displacement vector and F L (t) is the vector of the aerodynamic lift and moment forces.
The formulation of the motion-induced aerodynamic forces L(t) and M(t) can be based on Theodorsen's (1935) aerofoil flutter theory. Several modified expressions exists, either in real or complex notation. The popular real-number expressions (Simiu and Scanlan, 1996) read
where ρ = density of fluid; u = wind speed, B = width of the section, h = vertical displacement, and α = rotational displacement. The eight coefficients H * j , A * j are the flutter derivatives to be determined either experimentally, numerically, or analytically and are functions of the reduced frequency K = ωB/u, with ω as the circular frequency of motion of the aeroelastic structure.
It can be seen that L and M are functions of u and K.
The more compact and mathematically elegant complex number expressions (Starossek, 1992 (Starossek, , 1993 (Starossek, , 1998 
where b = B/2 (for conformity with Theodorsen's original notation instead of B). The four complex coefficients c mn are the flutter derivatives in this notation; they are functions of the reduced frequency k = ωb/u. L and M now directly depend on k and ω, which is advantageous for the solution of the resulting eigenvalue problem. For a flat plate, the flutter derivatives can analytically be derived from potential flow theory and read
where C is the Theodorsen function.
The eight coefficients H * j , A * j of the real notation and the equivalent four coefficients c mn of the complex notation directly relate to each other. The following relationship between complex and real notation exists:
It is therefore possible to convert one notation into the other.
The critical wind speed for flutter can be calculated based on the flutter derivatives in a dynamic structural analysis either with a simplified two-degree-offreedom (2-DOF) algorithm or with a more precise Finite Element (FE) calculation as shown by Starossek (1992 Starossek ( , 1993 .
Experiments
The original aim of this study was to assess the reliability of a CFD method for predicting bridge deck flutter. A meaningful assessment requires the direct comparison of the CFD method with a proven method using the same sectional data under the same conditions, as far as practically possible. The current practise is to perform a wind tunnel test either on a small-scale full aeroelastic model or on a sectional model for an accurate investigation of the aerodynamic behaviour. Instead of a wind tunnel, a water tunnel can also be used, especially if only sectional models are to be tested. Water tunnels are not widely used as they are more expensive to maintain and not as flexible as wind tunnels.
They do have the advantage, however, of using lower stream velocities due to the higher viscosity of water compared to air and generating relatively large fluid forces. Thus, observations, especially of nonlinear behaviour, and data reading can be more accurate.
The experiments were undertaken in a 1. From the 31 sections which were numerically investigated, nine were chosen for testing (Fig. 2) . The selection was based on shape variation and shape popularity in practice (except sections P and R). All section models were 200 mm wide and 490 mm long and had a relatively smooth surface. Sections thicker than 20 mm were made of glass-fibrecomposite materials with a brass spine. The more complex sections G and C were cut from aluminium; the thin sections P and TC were made of carbonand glass-fibre composite materials. They were fixed to the rig by special clamps. End plates were attached to all sections to channel the flow in a twodimensional manner.
The sectional models were suspended from a force balance system and completely submerged in the fluid. The static drag, lift, and moment coefficients were measured for an angle of attack from α = −10
increments. For measuring the flutter derivatives, the sectional models were forced to move separately in a vertical or a rotational direction in a constantamplitude harmonic motion.
The tests were undertaken for a range of frequencies, namely from 0. For reliable data acquisition, the readings were passed through a 10 Hz lowpass filter in order to eliminate high-frequency turbulence before recording.
However, this resulted in a phase shift which had to be corrected according to the transfer function of the filter. They were then used to identify the flutter derivatives using Fourier analysis (FFT) but not before reducing the measured forces by the inertial of forces of the system measured in air.
The flutter derivatives for section GB matched the ones from Reinhold Table 2 and Table 3 • . The comparison is discussed in Section 5.1.
The full set of experimental results including the raw data for all investigated sections is available online (Starossek, 2009 ).
Numerical Simulations
Numerical simulations of aerodynamic behaviour of bridge sections to identify flutter derivatives require large computational resources. This is due to the fact that not only a fine spatial but also a fine temporal discretisation is neces- name but a few. This is due to its numerical robustness in the case of irregular meshes. The Navier-Stokes-Equations, which formulate the motion of a fluid substance, are solved for each volumetric element into which the domain is divided.
In this study, the numerical simulations were carried out with the commer- The finite volume grid was set up as a structured mesh with about 30 000 two-dimensional control volumes (Fig. 3) . Near the deck surface, the grid was progressively refined based on velocity errors obtained after several preliminary runs. The smallest element size along the profile section was 2. As said before, the critical wind speed for flutter can be calculated with a simplified 2-DOF algorithm or with a FE calculation. Coupled CFD-structural time-step analyses taking into account all aerodynamic and structural non- shedding, buffeting). Due to high computational costs, however, these analyses are at present limited to systems with small numbers of degrees of freedom.
Results

Comparison of Results
All nine sections tested in the water tunnel plus a further 22 bridge deck sec- Based on these flutter derivatives, the critical wind speeds were calculated with an analytical 2-DOF algorithm using the four different structural data sets assembled in Table 1 (ω h and ω α are the circular eigenfrequencies in h and α of the undamped system in vacuum, ǫ = Table   4 . For sake of comparison, the theoretical solutions for the flat plate are also presented.
The streamlined section GB has critical wind speeds close to the flat plate for all four structural data sets except for data set 4, for which the difference is greater than 20 %. The numerical results are in close agreement with the experimental ones. In addition to the experimentally analysed trapezoidal sections (GB, S, M, B8), a number of variations were numerically investigated (Fig. 4) . All sections displayed a critical wind speed within 20 % of the theoretical critical wind speed for a thin plate. The results also match previously published results from other researchers (Table 6 ). Larsen (1992) had ex- The effect of different amplitudes was also tested but found to be negligible except for the bluff section TC where differences of 25 % were observed for an amplitude range of 2
• to 8 • .
Further Studies
Effective Angle of Attack
The angle at which the wind attacks the bridge influences the critical wind speed for flutter. Angles as small as 1
• can have a significant impact on the magnitude of the critical wind speed. It is therefore common practice to assess the dynamic behaviour of the bridge for a range of angles of attack. However, the investigations must also consider the so-called effective angle of attack, particularly if the wind tunnel experiments are undertaken with the free vibration method (Starossek, 1992) .
The effective angle of attack τ eff is the angle of wind incidence τ plus the static rotation of the bridge deck α s that is induced by the wind (and around which the rotational vibration α(t) occurs). For horizontal wind (τ = 0), the effective angle of attack consists only of the static rotation, i.e., τ eff = α s . This case is referred to in Fig. 10 .
A static rotation is caused when the resultant of the drag and lift forces is eccentric to the shear centre of the bridge deck. The static moment coefficient is usually nonzero. For a section whose top and bottom portions are asymmetrical to each other, this statement even holds for horizontal flow. The ensuing static aerodynamic moment leads to a static rotation of the bridge deck that in turn results in an effective angle of attack. The latter depends not only on the aerodynamic forces acting on the section, which vary with τ eff , but also on the torsional stiffness of the structure. Therefore, more flexible systems can still be exposed to a significant effective angle of attack even if the static moment coefficient is small.
Closed-form expressions can be derived for the wind-induced static rotation and the effective angle of attack (Starossek, 1992) . For sake of simplicity, horizontal wind is assumed in the following. When using a linearised static moment coefficient C M (α), the static aerodynamic moment is
where q = 1 2 ρu 2 is the dynamic pressure. The static equilibrium condition for the rotational degree of freedom reads
where k α is the rotational stiffness coefficient. Substituting the linearised aerodynamic moment expression into the equilibrium condition and solving for the static rotation leads to
which can be rewritten as
where u div = r √ µω α b is the analytically derived critical wind speed for static divergence of a flat plate. Because horizontal wind is assumed, the static rotation thus determined equals the effective angle of attack.
The results for the nine sections, using the structural parameters from data set 1 in Table 1 and a wind speed of u = 22 m/s, are shown in Table 7 .
The largest effective angle of attack was determined for section B8. Further investigation showed that section B8 is particularly prone to aerodynamic instability for increasing angle of attack. This also follows from the fact that the c ′′ αα derivative turns positive for α ≈ 1 • (Fig. 11 ).
Non-Critical Vibrations
The flutter derivatives are only valid for harmonic motion. This condition is solely present at the onset of flutter, which is sufficient for the determination of the critical wind speed-the key parameter for an assessment of the aerodynamic stability of the bridge structure. Before and after the onset of flutter, the motion is non-harmonic due to positive or negative damping. The description of non-critical vibrations, which is particularly of interest for determining the aerodynamic performance of the structure at service, can still be accomplished with the use of Indicial Functions (Scanlan et al., 1974) or the method of Rational Function Approximation (Karpel and Strul, 1996) . Both methods have their advantages and disadvantages in terms of accuracy and computational speed. In this study, Indicial Functions were used to describe non-critical vibrations in the time domain.
The numerically determined flutter derivatives c mn for the sections were used to calculate the coefficients of the Indicial Functions by means of the LevenbergMarquardt method. Once the coefficients were found, the time response of the vibration could be determined with the Predictor-Corrector method for a given set of structural data. Solutions for the GB section are shown in Fig. 12 .
For a wind speed of u = 38 m/s, it can be seen that the vibration is positively damped, and for a wind speed of u = 45 m/s, the amplitude is clearly divergent. For a wind speed of u = 41 m/s the amplitude is constant. The critical wind speed was determined in numerical simulations to be u = 40.2 m/s.
Lateral Vibrations
Flutter analysis is generally based on a 2-DOF system that moves in the vertical and rotational directions. For a more accurate assessment, the lateral motion can be included. The self-induced aerodynamic drag force, in addition to the lift and moment forces in Eq. 2 and Eq. 3, was suggested by Simiu and Scanlan (1996) to be described by
The validity of such a linear approach is questioned based on fundamental geometrical considerations and on the results of the numerical simulations. A positive rotation and the corresponding negative rotation result in the same exposed area for the wind to act on (at least when the top and bottom portions of the section are symmetrical to each other). Thus, the dynamic drag force (or a major part of it) can be expected to vary with twice the frequency of the rotational vibration. This expectation is corroborated by the time history of the drag force during rotational motion α(t) that was obtained from a numerical simulation (Fig. 13 ).
Conclusions
Flutter derivatives for nine different bridge deck sections were obtained from experiments undertaken in a water tunnel. The purpose was to provide a benchmark for the numerical assessment of bridge deck flutter derivatives.
Over 30 sections were studied numerically by using a commercially available Table 5 Critical reduced frequencies for flutter for various sections and four structural data sets. Ratio is defined as numerical k crit divided by experimental k crit Table 7 Effective angle of attack for u = 22 m/s and structural data set 1 
